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Lipschitzian and kernel aggregation operators with respect to natural T-indistinguishability oper-
ators ET and their powers are studied. A t-norm T is proved to be ET-lipschitzian, and is interpreted
as a fuzzy point and a fuzzy map as well. Given an archimedean t-norm T with additive generator t,
the quasi-arithmetic mean generated by t is proved to be the most stable aggregation operator with
respect to T.
 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Lipschitzian conditions are fulﬁlled by many maps and operators in fuzzy reasoning.
They give stability to the system since the similarity or distance between the outputs is
bounded by the corresponding one between the inputs. The lipschitzian condition appears
for example in the study of fuzzy maps [9], vague algebras [6], fuzzy modiﬁers and fuzzy
logic in the narrow sense [16], fuzzy topology [8], extensionality [9] among others and
therefore it deserves a deep study.0888-613X/$ - see front matter  2007 Elsevier Inc. All rights reserved.
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usual metric on the unit interval. This paper studies the lipschitzian condition of aggrega-
tion operators in a broader sense, i.e. with respect to natural indistinguishability operators
ET and their powers E
p
T (see deﬁnitions below) so that an aggregation operator h is E
p
T -lips-
chitzian when for all x1; x2; . . . ; xn; y1; y2; . . . ; yn 2 ½0; 1T ðEpT ðx1; y1Þ; . . . ;EpT ðxn; ynÞÞ 6
ET ðhðx1; x2; . . . ; xnÞ; hðy1; y2; . . . ; ynÞÞ. The meaning is that from similar values we obtain
a similar aggregation. The use of ET and E
p
T assumes the selection of a speciﬁc t-norm
T and therefore the selection of a particular family of logics where the semantics of the
conjunction and the bi-implication are given by T and ET.
Let us suppose that we are studying or modeling a problem or situation in which a spe-
ciﬁc t-norm is involved. For instance, a fuzzy system with a t-norm T used to model the
logical conjunction (the corresponding disjunction and implication will then probably
be related to T). In this case, it seems desirable that the aggregation operators in this par-
ticular setting should be related to T in some sense. In particular, it seems more reasonable
that lipschitzian conditions of the aggregation operators are deﬁned by means of the bi-
implication ET associated to T than using the usual metric of the unit interval. In fact,
as it will be seen in this paper, when T is the Lukasiewicz t-norm, the ET-lipschitzian con-
dition coincides with the 1-lipschitzian condition with the usual metric on [0,1]; not sur-
prisingly, due to the relation between ET and the usual metric on [0,1] in this case. In
other words, the deﬁnition of lipschitzian aggregation operator given in [13] tacitly
assumes the use of (a logic based on) the Lukasiewicz t-norm.
Among other results, it will be proved that if T is a continuous archimedean t-norm
with additive generator t and ht the quasi-arithmetic mean generated by t
htðx1; x2; . . . ; xnÞ ¼ t1 tðx1Þþtðx2ÞþþtðxnÞn
  
, then ht is the most stable aggregation operator
with respect to T (Proposition 3.18). This result not only generalizes the one in [13], but it
clariﬁes its meaning in the sense that it corresponds to the selection of Lukasiewicz t-norm.
The easy to state, but interesting property that the EpT -lipschitzian condition is equiva-
lent to the extensionality of the aggregation operator is proven (Proposition 3.10).
Also the t-norm T is not only lipschitzian with respect to ET, but it can be seen as a
fuzzy point and a fuzzy map as well (Propositions 3.20 and 3.22) and an aggregation oper-
ator h is greater than or equal to T if and only if h is ET-lipschitzian.
If in the deﬁnition of ET-lipschitzianity we replace the t-norm T by the mini-
mum (MinðEpT ðx1; y1Þ; . . . ;EpT ðxn; ynÞÞ 6 ET ðhðx1; x2; . . . ; xnÞ; hðy1; y2; . . . ; ynÞÞ) we obtain a
generalization of the kernel aggregation operators studied in [17,13]. Again, if T is the
Lukasiewicz t-norm this deﬁnition is equivalent to the one given in the above mentioned
references.
After a preliminary section presenting well known deﬁnitions and results on t-norms,
natural indistinguishability operators and aggregation operators, Section 3 contains the
main results of the paper. A last section of concluding remarks closes the paper.2. Preliminaries
This section contains some results on t-norms and indistinguishability operators that
will be needed later on in the paper. Besides well known deﬁnitions and theorems, the
power Tn of a t-norm is generalized to irrational exponents in Deﬁnition 2.4 and given
explicitly for continuous archimedean t-norms in Proposition 2.7.
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uous ones, for the sake of simplicity we will assume continuity for the t-norms throughout
the paper.
Deﬁnition 2.1. [18,11]. A continuous t-norm is a continuous map T : ½0; 1  ½0; 1 ! ½0; 1
satisfying for all x; y; z; x0; y0 2 ½0; 1
1. T ðx; T ðy; zÞÞ ¼ T ðT ðx; yÞ; zÞ (associativity),
2. T ðx; yÞ ¼ T ðy; xÞ (commutativity),
3. If x 6 x0 and y 6 y0, then T ðx; yÞ 6 T ðx0; y0Þ (monotonicity),
4. T ð1; xÞ ¼ x.Since a t-norm T is associative, we can extend it to an n-ary operation in the standard way
T ðxÞ ¼ x;
T ðx1; x2; . . . ; xnÞ ¼ T ðx1; T ðx2; . . . ; xnÞÞ:
In particular, T ðx; x; . . . ; xzﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄ{n times Þ will be denoted by xðnÞT .
If T is continuous, the nth root x
1
nð Þ
T of x with respect to T is deﬁned by
x
1
nð Þ
T ¼ sup z 2 ½0; 1jzðnÞT 6 x
n o
and for m; n 2 N , xðmnÞT ¼ x
1
nð Þ
T
 ðmÞ
T
.
Lemma 2.2 [11]. If k;m; n 2 N ; k; n 6¼ 0, then xðkmknÞT ¼ x
ðmnÞ
T .
Lemma 2.3. Let x1; . . . ; xn 2 ð0; 1 and n 2 N . T x
1
nð Þ
1T
; . . . ; x
1
nð Þ
nT
 
6¼ 0.
Proof. Let xi ¼ Minðx1; . . . ; xnÞ. Then
T x
1
nð Þ
1T
; . . . ; x
1
nð Þ
nT
 
P T x
1
nð Þ
iT ; . . . ; x
1
nð Þ
iT
zﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄ{n times0BB@
1
CCA ¼ x 1nð ÞiT
 ðnÞ
T
¼ x
n
nð Þ
iT ¼ xi 6¼ 0: 
Assuming continuity for the t-norm T, the powers x
ðmnÞ
T can be extended to irrational
exponents in a straightforward way.Deﬁnition 2.4. If r 2 Rþ is a positive real number, let fangn2N be a sequence of rational
numbers with limn!1an ¼ r. For any x 2 ½0; 1, the power xðrÞT is
xðrÞT ¼ limn!1 x
ðanÞ
T :
Continuity assures the existence of the last limit and independence of the sequence
fangn2N .
Let EðT Þ ¼ fx 2 ½0; 1jxð2ÞT ¼ xg be the set of idempotent elements of T and
NILðT Þ ¼ fx 2 ½0; 1jxðnÞT ¼ 0 for some n 2 Ng the set of nilpotent elements of T.
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EðT Þ ¼ f0; 1g. T is called non-strict when NILðT Þ ¼ ½0; 1Þ. Otherwise it is called strict
and NILðT Þ ¼ f0g.Theorem 2.6 (Ling [15]). A continuous t-norm T is archimedean if and only if there exists a
continuous decreasing map t : ½0; 1 ! ½0;1 with tð1Þ ¼ 0 such that
T ðx; yÞ ¼ t½1ðtðxÞ þ tðyÞÞ
where t[1] stands for the pseudo-inverse of t defined by
t½1ðxÞ ¼
1 if x < 0
t1ðxÞ if x 2 ½0; tð0Þ
0 otherwise:
8><
>:
T is strict if tð0Þ ¼ 1 and non-strict otherwise.
t is called an additive generator of T and two additive generators of the same t-norm
diﬀer only by a multiplicative constant.
Proposition 2.7. Let T be an archimedean t-norm with additive generator t, x 2 ½0; 1 and
r 2 Rþ. Then
xðrÞT ¼ t½1ðrtðxÞÞ:Proof. Due to continuity of t we need to prove it only for rational r.
If r is a natural number m, then trivially xðmÞT ¼ t½1ðmtðxÞÞ.
If r ¼ 1n with n 2 N , then x
1
nð Þ
T ¼ z with zðnÞT ¼ x or t½1ðntðzÞÞ ¼ x and x
1
nð Þ
T ¼ t½1 tðxÞn
 
.
For a rational number mn ,
x
m
nð Þ
T ¼ x
1
nð Þ
T
 ðmÞ
T
¼ t½1 mt x
1
nð Þ
T
  
¼ t½1 mt t½1 tðxÞ
n
   
¼ t½1 m
n
tðxÞ
 
: Deﬁnition 2.8 [19]. The residuation ~T of a t-norm T is deﬁned by
~T ðxjyÞ ¼ supfa 2 ½0; 1jT ðx; aÞ 6 yg:Deﬁnition 2.9. [19,2]. The natural T-indistinguishability ET associated to a given t-norm T
is the fuzzy relation on [0,1] deﬁned by
ET ðx; yÞ ¼ T ð~T ðxjyÞ;~T ðyjxÞÞ
or equivalently
ET ðx; yÞ ¼ Minð~T ðxjyÞ;~T ðyjxÞÞ:
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1. If T is a continuous archimedean t-norm with additive generator t, then
ET ðx; yÞ ¼ t1ðjtðxÞ  tðyÞjÞ for all x; y 2 ½0; 1.
2. If T is the Lukasiewicz t-norm, then ET ðx; yÞ ¼ 1 jx yj for all x; y 2 ½0; 1.
3. If T is the Product t-norm, then ET ðx; yÞ ¼ Minðxy ; yxÞ for all x; y 2 ½0; 1 where z0 ¼ 1.
4. If T is the Minimum t-norm, then ET ðx; yÞ ¼ Minðx; yÞ if x 6¼ y1 otherwise:

ET is indeed a special kind of T-indistinguishability operator (Deﬁnition 2.11) [2] and in
a logical context, where T plays the role of the conjunction, ET is interpreted as the
bi-implication associated to T [7].
The general deﬁnition of T-indistinguishability operator is
Deﬁnition 2.11. [20,19]. Given a t-norm T, a T-indistinguishability operator E on a set X
is a fuzzy relation E : X  X ! ½0; 1 satisfying for all x; y; z 2 X
1. Eðx; xÞ ¼ 1 (reﬂexivity),
2. Eðx; yÞ ¼ Eðy; xÞ (symmetry),
3. T ðEðx; yÞ;Eðy; zÞÞ 6 Eðx; zÞ (T-transitivity).Proposition 2.12 [19]. Let l be a fuzzy subset of X and T a continuous t-norm. The fuzzy
relation El on X defined for all x; y 2 X by
Elðx; yÞ ¼ ET ðlðxÞ; lðyÞÞ
is a T-indistinguishability operator on X.Deﬁnition 2.13 [12]. Let E be a T-indistinguishability operator on a set X. A fuzzy subset
l of X is extensional with respect to E if and only if for all x; y 2 X
T ðEðx; yÞ; lðyÞÞ 6 lðxÞ:Proposition 2.14 [2]. Let E be a T-indistinguishability operator on a set X. A fuzzy subset l
of X is extensional with respect to E if and only if for all x; y 2 X
Eðx; yÞ 6 ET ðlðxÞ; lðyÞÞ:
Finally, let us recall in this preliminary section the deﬁnition of aggregation operator.Deﬁnition 2.15 [3]. An aggregation operator is a map h :
S
n2N ½0; 1n ! ½0; 1 satisfying
1. hð0; . . . ; 0Þ ¼ 0 and hð1; . . . ; 1Þ ¼ 1,
2. hðxÞ ¼ x 8x 2 ½0; 1,
3. hðx1; . . . ; xnÞ 6 hðy1; . . . ; ynÞ if x1 6 y1; . . . ; xn 6 yn ðmonotonicityÞ:The restriction of h to ½0; 1n will be denoted by h(n) so that a global aggregation oper-
ator h can be split into the family of n-ary operators ðhðnÞÞn2N .
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Lipschitzian and kernel aggregation operators with respect to natural T-indistinguish-
ability operators ET and their powers are a special kind of aggregation operator that gen-
eralizes the deﬁnitions of [13,17]. Their interest is in the fact that they are stable operators
in the sense that the similarity between the aggregation of two n-tuples is bounded by the
similarity between them.
It is interesting to point out that the lipschitzian and kernel conditions are equivalent to
extensionality (Propositions 3.10 and 3.25).
Among other results, it will be proved that a t-norm T is ET-lipschitzian and moreover
the maps T(n) can be interpreted as fuzzy points of ½0; 1n and as fuzzy maps from ½0; 1k to
½0; 1nk.
Also quasi-arithmetic means are proved to be the most stable aggregation operators in
the sense stated before Proposition 3.18.
In this paper we will consider the lipschitzain condition with respect to the powers EpT ,
p > 0 of the natural indistinguishability operators, deﬁned in Corollary 3.6.
Proposition 3.1 [12]. Let E be a T-indistinguishability operator on a set X. The fuzzy
relation En defined by
Enðx; yÞ ¼ T ðEðx; yÞ; . . . ;Eðx; yÞ
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{n times
Þ 8x; y 2 X
is a T-indistinguishability operator.Corollary 3.2 [5]. Let ET be the natural T-indistinguishability operator on [0,1] associated
to T. EnT is a T-indistinguishability operator.
The powers EnT of the natural T-indistinguishability operators have been studied in rela-
tion with antonymy and fuzzy partitions in [5].
Proposition 3.3. Let E be a T-indistinguishability operator on a set X. E
1
n is a T-
indistinguishability operator on X.Proof. Reﬂexivity and symmetry are trivial.
Transitivity: If E
1
n ¼ F , then F n ¼ E. Since E is a T-indistinguishability operator,
8x; y; z 2 X
F nðx; zÞP T ðF nðx; yÞ; F nðy; zÞÞ ¼ ðT ðF ðx; yÞ; F ðy; zÞÞÞðnÞT ;
ðF nðx; zÞÞ1nT P ððT ðF ðx; yÞ; F ðy; zÞÞÞðnÞT Þ
1
n
T
and from Lemma 2.2
F ðx; zÞP T ðF ðx; yÞ; F ðy; zÞÞ: Corollary 3.4. Let ET be the natural T-indistinguishability operator on [0,1] associated to
T. E
1
n
T is a T-indistinguishability operator.
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m
n is a T-indistinguish-
ability operator on X.Proof. Propositions 3.1 and 3.3. hCorollary 3.6. Let ET be the natural T-indistinguishability operator on [0,1] associated to
T. E
m
n
T is a T-indistinguishability operator.
Continuity of the t-norm T allows us to extend the powers of a T-indistinguishability
operator to positive irrational numbers in the same way as in Deﬁnition 2.4.
Example 3.7
1. If T is a continuous archimedean t-norm with additive generator t, then
EpT ðx; yÞ ¼ t½1ðpjtðxÞ  tðyÞjÞ for all x; y 2 ½0; 1.
2. If T is the Lukasiewicz t-norm, then EpT ðx; yÞ ¼ Maxð0; 1 pjx yjÞ for all x; y 2 ½0; 1.
3. If T is the Product t-norm, then EpT ðx; yÞ ¼ ðMinðxy ; yxÞÞp for all x; y 2 ½0; 1 where z0 ¼ 1.
4. If T is the Minimum t-norm, then EpT ðx; yÞ ¼ ET ðx; yÞ for all x; y 2 ½0; 1.
With the previous results we can relax or strengthen the equivalence relations. Indeed,
EpT 6 EqT if and only if p P q.
The next deﬁnition generalizes the lipschitzian condition given in [13] to the use of gen-
eral indistinguishability operators E on [0,1]. In this paper we will only consider powers EpT
of the natural indistinguishability operators.
Deﬁnition 3.8. Let E be a T-indistinguishability operator on [0,1] and h an aggregation
operator. h is E-lipschitzian if and only if 8n 2 N , 8x1; . . . ; xn; y1; . . . ; yn 2 ½0; 1
T ðEðx1; y1Þ; . . . ;Eðxn; ynÞÞ 6 ET ðhðx1; . . . ; xnÞ; hðy1; . . . ; ynÞÞ:
This means that if xi and yi are indistinguishable for i ¼ 1; . . . ; n, then the aggregation
of x1; . . . ; xn should be indistinguishable or equivalent to the aggregation of y1; . . . ; yn.
Let us recall that if we have several T-indistinguishability operators E1; . . . ;En deﬁned
on diﬀerent universes X 1; . . . ;Xn, there are several ways to deﬁne a T-indistinguishability
operator on X 1      Xn.
Proposition 3.9 [12]. Let E1; . . . ;En be T-indistinguishability operators on X 1; . . . ;Xn
respectively. Then the two fuzzy relations T ðE1; . . . ;EnÞ and MinðE1; . . . ;EnÞ on
X 1      Xn defined for all ðx1; . . . ; xnÞ; ðy1; . . . ; ynÞ 2 X 1      Xn by
T ðE1; . . . ;EnÞððx1; . . . ; xnÞ; ðy1; . . . ; ynÞÞ ¼ T ðE1ðx1; y1Þ; . . . ;Enðxn; ynÞÞ
and
MinðE1; . . . ;EnÞððx1; . . . ; xnÞ; ðy1; . . . ; ynÞÞ ¼ MinðE1ðx1; y1Þ; . . . ;Enðxn; ynÞÞ
are T-indistinguishability operators on X 1      Xn.
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respect to T ðE; . . . ;E
zﬄﬄﬄﬄ}|ﬄﬄﬄﬄ{n times
Þ.
Proposition 3.10. Let E be a T-indistinguishability operator on ½0; 1 and h an aggregation
operator. h is E-lipschitzian if and only if h(n) (as a fuzzy subset of ½0; 1n) is extensional with
respect to T ðE; . . . ;E
zﬄﬄﬄﬄ}|ﬄﬄﬄﬄ{n times
Þ for all n 2 N .Proof. Proposition 2.14. hLemma 3.11. Let T be a continuous t-norm. Then for all x; y 2 ½0; 1xP y
T ðx;~T ðxjyÞÞ ¼ y:
The next proposition shows that a t-norm T is an ET-lipschitzian aggregation operator.Proposition 3.12. Let T be a continuous t-norm. Then T is an ET-lipschitzian aggregation
operator.Proof. We must prove
T ðET ðx1; y1Þ; . . . ;ET ðxn; ynÞÞ 6 ET ðT ðx1; . . . ; xnÞ; T ðy1; . . . ; ynÞÞ
or equivalently
T ðET ðx1; y1Þ; . . . ;ET ðxn; ynÞÞ 6Minð~T ðT ðx1; . . . ; xnÞjT ðy1; . . . ; ynÞÞ;
~T ðT ðy1; . . . ; ynÞjT ðx1; . . . ; xnÞÞÞ;
which means that
T ðET ðx1; y1Þ; . . . ;ET ðxn; ynÞ; x1; . . . ; xnÞ 6 T ðy1; . . . ; ynÞ ð1Þ
and
T ðET ðx1; y1Þ; . . . ;ET ðxn; ynÞ; y1; . . . ; ynÞ 6 T ðx1; . . . ; xnÞ ð2Þ
If xi 6 yi, then ET ðxi; yiÞ ¼ ~T ðyijxiÞ and T ðET ðyi; xiÞ; xiÞ 6 yi.
If xi P yi, then ET ðxi; yiÞ ¼ ~T ðxijyiÞ and T ðET ðxi; yiÞ; xiÞ ¼ yi.
So inequality (1) holds.
Inequality (2) can be proved in a similar way. h
Note that if xi 6 yi for all i ¼ 1; . . . n, then T ðET ðx1; y1Þ; . . . ;ET ðxn; ynÞÞ ¼
ET ðT ðx1; . . . ; xnÞ; T ðy1; . . . ; ynÞÞ. Since for every t-norm diﬀerent from the Minimum
EpT < E
q
T if p > q, we have that T 6¼ Min is not EpT -lipschitzian for p < 1.
If T is a continuous archimedean t-norm, the EpT -lipschitzian property translates to a
classical lipschitzian condition.
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p 2 ½0; 1 and h an aggregation operator. Then h is EpT -lipschitzian if and only if 8n 2 N ,
8x1; . . . ; xn; y1; . . . ; yn 2 ½0; 1
pjtðx1Þ  tðy1Þj þ    þ pjtðxnÞ  tðynÞjP jtðhðx1; . . . xnÞÞ  tðhðy1; . . . ; ynÞÞj: ð3ÞProof
t½1ðtðt1ðpjtðx1Þ  tðy1ÞjÞÞ þ    þ tðt1ðpjtðxnÞ  tðynÞjÞÞÞ
6 t1ðjtðhðx1; . . . ; xnÞÞ  tðhðx1; . . . ; xnÞÞjÞ;
t½1ðpjtðx1Þ  tðy1Þj þ    þ pjtðxnÞ  tðynÞjÞ 6 t1ðjtðhðx1; . . . ; xnÞÞ  tðhðx1; . . . ; xnÞÞjÞ;
pjtðx1Þ  tðy1Þj þ    þ pjtðxnÞ  tðynÞjP jtðhðx1; . . . ; xnÞÞ  tðhðx1; . . . ; xnÞÞj: 
The last proposition says that for all n 2 N the map H : ½0; tð0Þn ! ½0; tð0Þ deﬁned by
Hðx1; . . . ; xnÞ ¼ tðhðt1ðx1Þ; . . . ; t1ðxnÞÞÞ
is a p-lipschitzian map.
Also note that if T is the Lukasiewicz t-norm, then (3) is the deﬁnition of the Lipschitz
property in [13], so that Deﬁnition 3.8 contains the one in [13] as a particular case.
If an aggregation operator h is EpT -lipschitzian, it may happen that for diﬀerent values of
n the corresponding n-ary operators h(n) may satisfy the lipschitzian conditions for diﬀer-
ent values of p [3, p. 12].
In the next proposition it is proved that if h is what we deﬁne as a subidempotent aggre-
gation operator, then h(n) cannot be E
p
T -lipschitzian for p <
1
n.
Deﬁnition 3.14. An aggregation operator is subidempotent if and only if for all x 2 ½0; 1
and n 2 N , hðx; . . . ; xzﬄﬄﬄ}|ﬄﬄﬄ{n times Þ 6 x.
Proposition 3.15. Let T 6¼ Min be a t-norm, h a subidempotent aggregation operator and
n 2 N . If h(n) is EpT -lipschitzian, then p P 1n.Proof. If h(n) is E
p
T -lipschitzian, then in particular, for x 2 X
T ððEpT ð1; xÞ; . . . ;EpT ð1; xÞ
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{n times
6 ET ðhð1; . . . ; 1Þ
zﬄﬄﬄﬄ}|ﬄﬄﬄﬄ{n times
; hðx; . . . ; xÞ
zﬄﬄﬄﬄ}|ﬄﬄﬄﬄ{n times
Þ
and so
xðpnÞT 6 hðx; . . . ; xÞ
zﬄﬄﬄﬄ}|ﬄﬄﬄﬄ{n times
6 x
which holds if and only if pnP 1 or equivalently, if and only of pP 1n. h
If T is a non-strict continuous archimedean t-norm the subidempotent property can be
dropped.
Proposition 3.16. Let T be a non-strict continuous archimedean t-norm with additive
generator t, h an aggregation operator and n 2 N . If h(n) is EpT -lipschitzian, then p P 1n.
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pjtð1Þ  tð0Þj þ    þ pjtð1Þ  tð0ÞjP jtð1Þ  tð0Þj;
nptð0ÞP tð0Þ
or
p P
1
n
: 
Quasi-arithmetic means are very popular aggregation operators that generalizes the
arithmetic mean.Deﬁnition 3.17. [1,11]. m is a quasi-arithmetic mean in [0,1] if and only if there exists a
continuous monotonic map t : ½0; 1 ! ½1;1 such that for all n 2 N and
x1; . . . ; xn 2 ½0; 1
mðx1; . . . xnÞ ¼ t1 tðx1Þ þ    þ tðxnÞn
 
m is continuous if and only if Ran t 6¼ ½1;1.
In [3], it has been proved that the arithmetic mean is the only aggregation operator h
whose n-ary maps h(n) are
1
n-lipschitzian. Proposition 3.18 generalizes this result to arbi-
trary quasi-arithmetic means.
Considering that the lipschitzian condition gives stability to the system in the sense that
it does not allow brisk changes, we can say that for a given t-norm T an aggregation oper-
ator h is more stable than another one h 0 if h is EpT -lipschitzhian while h
0 is not. Next result
states that quasi-arithmetic means are the most stable aggregation operators.
Proposition 3.18. Let T be a continuous archimedean t-norm with additive generator t and mt
the quasi-arithmetic mean generated by t.
• (a) For every n 2 NmtðnÞ is EpT -lipschitzian if and only if p P 1n.
• (b) If h is an aggregation operator such that h(n) is E
1
n
T -lipschitzian for any n 2 N , then
h ¼ mt.Proof
(a) mtðnÞ is E
p
T -lipschitzian if and only if
pjtðx1Þ  tðy1Þj þ    þ pjtðxnÞ  tðynÞj
P t t1
tðx1Þ þ    þ tðxnÞ
n
  
 t t1 tðy1Þ þ    þ tðynÞ
n
  

or equivalently
pjtðx1Þ  tðy1Þj þ    þ pjtðxnÞ  tðynÞjP
1
n
tðx1Þ  tðy1Þ þ    þ tðxnÞ  tðynÞj j:
This inequality is satisﬁed if p P 1n. If xi P yi for all i ¼ 1; . . . ; n, then equality is attained
for p ¼ 1n.
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1
n
T -lipschitzian. Putting in particular
yi ¼ 1 for all i ¼ 1; . . . ; n, we get
1
n
jtðx1Þ  tð1Þj þ    þ 1n jtðxnÞ  tð1Þj ¼ jtðhðx1; . . . ; xnÞÞ  tðhð1; . . . ; 1ÞÞj
or equivalently
1
n
tðx1Þ þ    þ 1n tðxnÞ ¼ tðhðx1; . . . ; xnÞÞ
and
hðx1; . . . ; xnÞ ¼ t1 tðx1Þ þ    þ tðxnÞn
 
: 
In Proposition 3.12, we have proved that a t-norm T is ET-lipschitzian. In fact, T(n) can
also be seen as a fuzzy point of ½0; 1n and a fuzzy map from ½0; 1n1 into ½0; 1.
Fuzzy points are the fuzzy subsets l of a universe X that determine its granularity in the
sense that if x and y are in l, then x and y must be indistinguishable.
Fuzzy maps have been used in diﬀerent places [6,7,10] because they take the granularity
of the domain and image into account.
Deﬁnition 3.19 [10]. Let E be a T-indistinguishability operator on a set X and l a fuzzy
subset of X. l is a fuzzy point of X with respect to E if and only if for all x; y 2 X
T ðlðxÞ; lðyÞÞ 6 Eðx; yÞ:Proposition 3.20. Let T be a continuous t-norm. T(n) is a fuzzy point of ½0; 1n with respect to
T ðET ; . . . ;ET Þ
zﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄ{n times
.Proof. We have to prove that
T ðT ðx1; . . . ; xnÞ; T ðy1; . . . ; ynÞÞ 6 T ðET ðx1; y1Þ; . . . ;ET ðxn; ynÞÞ;
which is an immediate consequence of
T ðxi; yiÞ 6 ET ðxi; yiÞ for all i ¼ 1; . . . ; n: Deﬁnition 3.21 [10]. Let E; F be two T-indistinguishability operators on X and Y respec-
tively and R a fuzzy set of X  Y (i.e.: R : X  Y ! ½0; 1). R is a fuzzy map from X to Y if
and only if for all x; x0 2 X , y; y0 2 Y
• (a) T ðEðx; x0Þ; F ðy; y0Þ;Rðx; yÞÞ 6 Rðx0; y0Þ
• (b) T ðRðx; yÞ;Rðx; y 0ÞÞ 6 F ðy; y 0Þ.Proposition 3.22. Let T be a continuous t-norm. T(n) is a fuzzy map from ½0; 1n1 to ½0; 1
endowed with the T indistinguishability operators T ðET ; . . . ;ET Þ
zﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄ{n1 times
and ET, respectively.
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3.21 (a) is then
T ðET ðx1; x01Þ; . . . ;ET ðxn1; yn1Þ;ET ðy; y0Þ; T ðx1; . . . ; xn1; yÞÞ 6 T ðx01; . . . ; x0n1; y 0Þ
which is nothing but the extensionality (and therefore lipschitzianity) of T(n) with respect
to T ðET ; . . . ;ET Þ
zﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄ{n times
.
3.21 (b)
T ðT ðx1; . . . ; xn1; yÞ; T ðx01; . . . ; x0n1; y0ÞÞ 6 T ðy; y 0Þ 6 ET ðy; y0Þ: 
In fact, it can be proved in the same way that T(n) is a fuzzy map from ½0; 1k to ½0; 1nk
(2 6 k 6 n 1) endowed with the T indistinguishability operators T ðET ; . . . ;ET Þ
zﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄ{k times
and
T ðET ; . . . ;ET Þ
zﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄ{nk times
, respectively.
Kernel aggregation operators are a family of aggregation operators tightly related to
lipschitzian ones. They were introduced in [17] (see also [13,3]). As the lipschitzian condi-
tion, the condition for being a kernel operator was related to the usual metric on the unit
interval. It can be extended using natural indistinguishability operators in the same way as
it has been done in this paper with the lipschitzian condition. Again, if the t-norm is the
Lukasiewicz one, the original deﬁnition of [17] is recovered.
Let us recall the deﬁnition of kernel aggregation operator in [17].
Deﬁnition 3.23 [17]. An aggregation operator h is a kernel aggregation operator if and
only if 8n 2 N , 8x1; . . . ; xn; y1; . . . ; yn 2 ½0; 1
Maxðjx1  y1j; . . . ; jxn  ynjÞ 6 jhðx1; . . . ; xnÞ  hðy1; . . . ; ynÞj:
This deﬁnition can be generalized using indistinguishability operators in a similar way as
the lipschitzian condition.Deﬁnition 3.24. Let E be a T-indistinguishability operator on [0,1] and h an aggregation
operator. h is an E-kernel aggregation operator if and only if 8n 2 N ,
8x1; . . . ; xn; y1; . . . ; yn 2 ½0; 1
MinðEðx1; y1Þ; . . . ;Eðxn; ynÞÞ 6 ET ðhðx1; . . . ; xnÞ; hðy1; . . . ; ynÞÞ:Proposition 3.25. Let E be a T-indistinguishability operator on [0,1] and h an aggregation
operator. h is an E-kernel aggregation operator if and only if h(n) (as a fuzzy subset of ½0; 1n)
is extensional with respect to MinðE; . . . ;E
zﬄﬄﬄﬄ}|ﬄﬄﬄﬄ{n times
Þ for all n 2 N .Proof. Proposition 2.14. h
For archimedean t-norms, the kernel property can be written as follows.
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p 2 ½0; 1 and h an aggregation operator. h is EpT -kernel aggregation operator if and only if
8n 2 N , 8x1; . . . ; xn; y1; ; ; ;yn 2 ½0; 1
Maxðpjtðx1Þ  tðy1Þj; . . . ; pjtðxnÞ  tðynÞjÞP jt hðx1; . . . ; xnÞð Þ  t hðy1; . . . ; ynÞð Þj: ð4ÞProof
Minðt1ðpjtðx1Þ  tðy1ÞjÞ; . . . ; t1ðpjtðxnÞ  tðynÞjÞÞ
6 t1ðjtðhðx1; . . . ;xnÞÞ  tðhðx1; . . . ;xnÞÞjÞ;
t1 Maxðpjtðx1Þ  tðy1Þj; . . . ;pjtðxnÞ  tðynÞjÞð Þ6 t1ðjtðhðx1; . . . ;xnÞÞ  tðhðx1; . . . ;xnÞÞjÞ;
Maxðpjtðx1Þ  tðy1Þj; . . . ;pjtðxnÞ  tðynÞjÞP jtðhðx1; . . . ;xnÞÞ  tðhðx1; . . . ;xnÞÞj: 
If T is the Lukasiewicz t-norm and p ¼ 1, then (4) is the deﬁnition of the kernel aggre-
gation operator in [17].4. Concluding remarks
In this paper lipschitzian and kernel aggregation operators with respect to natural
T-indistinguishability operators ET and their powers have been studied.
It has been proved that a t-norm T is ET-lipschitzian, and a fuzzy point and a fuzzy map
as well.
Quasi-arithmetic means mt play an important role since they are the most stable aggre-
gation operator with respect to T, meaning that the corresponding n-ary operators mtðnÞ
are E
1
n
T -lipschitzian maps.
Lipschitzian and kernel properties are not only interesting for aggregation operators,
but in almost any part of fuzzy reasoning and they deserve a deep study.Acknowledgements
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